Cosmological predictions from the Misner brane 
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Within the spirit of five-dimensional gravity in the RandaU-Sundrum scenario, in this paper we 
consider cosmological and gravitational implications induced by forcing the spacetime metric to 
satisfy a Misner-like symmetry. We first show that in the resulting Misner-brane framework the 
Friedmann metric for a radiation dominated fiat universe and the Schwarzschild or anti-de Sitter 
black hole metrics are exact solutions on the branes, but the model cannot accommodate any 
infiationary solution. The horizon and fiatness problems can however be solved in Misner-brane 
cosmology by causal and noncausal communications through the extra dimension between distant 
regions which are outside the horizon. Based on a semiclassical approximation to the path-integral 
approach, we have calculated the quantum state of the Misner-brane universe and the quantum 
perturbations induced on its metric by brane propagation along the fifth direction. We have then 
considered testable predictions from our model. These include a scale-invariant spectrum of density 
perturbations whose amplitude can be naturally accommodated to the required value 10~^ - 10~®, 
and a power spectrum of CMB anisotropics whose acoustic peaks are at the same sky angles as 
those predicted by infiationary models, but having much smaller secondary-peak intensities. These 
predictions seem to be compatible with COBE and recent Boomerang and Maxima measurements. 

PACS numbers: 04.50. +h, 04.70.-s, 98.80. Es 



I. INTRODUCTION 

Extra dimensions have a long history in gravitational 
physics since Kaluza [1] and Klein [2] first introduced a 
fifth coordinate in Einstein general relativity to account 
for a unified description of graviy and electromagnetism. 
Although string and superstring theories have reached a 
great deal of progress using and extending the Kaluza- 
Klein idea, the issue of extra dimensions has never stirred 
theorists so much as some work carried out by Horava, 
Witten, Randall and Sundrum has done recently. Work- 
ing in the realm of the ten-dimensional E's x £'§ het- 
erotic string theory, Horava and Witten first showed [3] 
that this theory can be related to an eleven-dimensional 
theory on the orbifold x S^/Z2 in such a way that 
whereas the standard model particles are confined to the 
four-dimensional spacetime, gravitons propagate in the 
full bulk space. By simplifying the Harova- Witten frame- 
work to five dimensions, Randall and Sundrum then de- 
rived [4,5] two very interesting models where there exist 
two branes placed on the extra direction (which are iden- 
tical to two domain walls with oposite tensions) in five- 
dimensional anti-de Sitter spacetime. In their first model 
[4], they assumed that we live in the negative-tension 
brane and proposed a mechanism to solve the hierarchy 
problem based on a small extra dimension. This scenario 
may have the serious problem that gravity is repulsive 
in the brane with negative tension [6]. Although this 
conclusion might be the subject of debate, one at least 
can certainly say that a negative tension on the physi- 
cal brane brings some interpretational difficulties to the 
model. The second RandaU-Sundrum model assumed [5] 



that we live in the positive-tension brane, while the other 
brane is moved off to infinity, so localizing gravity in one 
of the two three-branes only. The problem with this sce- 
nario is that the field equations in the positive-tension 
brane are nonlinear in the source terms [7]. 

Thus, the second RandaU-Sundrum model avoids any 
possible physical effect from repulsive gravity, or at least 
negative brane tension in the observable universe, but un- 
fortunately leads to noncoventional (i.e. non Friedmann) 
cosmology [7,8] when matter in the positive-tension brane 
is isotropically and homogeneously distributed, or non- 
conventional chargeless, nonrotating black holes [9] when 
the matter in that brane is assumed to collapse without 
rotating beyond its trapped surface. Again some contro- 
versy can arise concerning the cosmological difficulties 
of the second RandaU-Sundrum model - in particular it 
could be thought that the nonlinear source terms are all 
irrelevant at any era at which we are able to do cosmol- 
ogy. However, a pefectly standard Friedmann evolution 
appears to be a most desirable property for any cosmo- 
logical model. In spite of the several attempts made 
in order to reconcile the nonconventional cosmological 
bihaviour with standard Friedmann scenario based on 
inserting a cosmological constant in the brane universe 
[10-13], within the spirit of the RandaU-Sundrum ap- 
proach [4,5], or on reinterpreting black- hole physics in 
the brane world [9] , it appears that the cosmological and 
collapse scenarios resulting from any of the two RandaU- 
Sundrum models may have serious difhculties when com- 
paring them with current observations or theoretical re- 
quirements. 

On the other hand, several authors have obtained in- 
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flationary solutions for the thrcc-branc worlds with non- 
trivial configurations in the extra dimension [11,14-16]. 
Most of such solutions are based on imposing different ab- 
solute values for the tensions of the two branes, taking the 
resulting neat tension as the source of the exponential ex- 
pansion [15]. Of course, the implicit main aim of all these 
inflationary brane models is at solving standard cosmo- 
logical puzzles such as horizon and flatness problems. It 
is in this sense that inflationary mechanisms operating in 
brane worlds may however be regarded as superfluous. In 
fact, it has been shown by Chung and Freese [17] that sig- 
nals traveling along null geodesies on the extra dimension 
in Randall- Sundrum spacetimes actually connect distant 
points which otherwise are outside the horizon, so solving 
as well the horizon and, eventually, the flatness problems 
and whereby making unnecessary inflation as a cosmo- 
logical ingradient of the brane worlds. Recently, a new 
approach which in a way can be considered as a combi- 
nation of the two randall-Sundrum models, has been also 
suggested [18] to solve the above potential shortcomings 
of such models. Given a five-dimensional spacetime with 
two domain walls with oposite tensions placed on the fifth 
coordinate, in order to suitably represent the universe we 
live in the new approach chooses neither of the two branes 
individually, but both of them simultaneously by impos- 
ing Misner symmetry and whereby allowing nonchronal 
regions with closed timelike curves (CTC's) only in the 
bulk. 

The resulting cosmological scenario placed on the two- 
brane system is then quite conventional: it just describes 
a standard Friedmann universe in the radiation dom- 
inated era. After exploring further the gravitational 
physics of this scenario, it is also shown in the present 
paper that such a scenario can quite naturally accom- 
modate Schwarzschild or anti-de Sitter black holes by 
simply allowing matter in the branes to collapse without 
rotating, but not any kind of inflationary mechanism. 
Once the conventional causally-generated gravitational 
behaviour is recovered for matter in the branes, this 
paper aims at exploring cosmological predictions from 
Misner-brane universe by: (i) investigating the noninfla- 
tionary connection mechanisms between distant points 
(which otherwise are outside the horizon) that can solve 
the horizon and flatness problems, (ii) formulating the 
quantum state of the Misner-brane universe by resorting 
to the semiclassical approximation of the Euclidean path- 
integral formalism, (iii) deriving the spectra of initial 
density perturbations and CMB anisotropics arising from 
quantum fluctuations induced on the branes by propa- 
gating along the fifth direction. We regard as the main 
results of the paper the predictions of a scale- independent 
spectrum for primordial density perturbations whose am- 
plitude can easily accommodate the requirement that the 
density contrast be smaller or approximately equal to 
10~^ [19], and of a power spectrum for CMB anisotropics 
which seems to fit recent data by Boomerang [20] and 
Maxima [21] experiments better than any other proposed 
models. 



We outline the rest of the paper as follows. In Sec. II 
we review and extend the results of Ref. [18], where the 
Misner-brane model was introduced, and discuss some 
of its physical implications, including spacetime propa- 
gation of quantum fields, a calculation of the value of 
the Planck mass and some solutions of the Klein-Gordon 
equation for small gravitational fluctuations. The spher- 
ically symmetric collapse of neutral matter in the branes 
which leads to conventional Schwarzschild or anti-de Sit- 
ter black holes is studied in Sec. III. Sec. IV deals with 
the quantum state of the Misner-brane universe. We es- 
timate it by resorting to the semiclassical approximation 
to the Euclidean path-integral formalism. It is obtained 
that the probability for this universe increases as the pa- 
rameters that determine the amplitude of the matter- 
density fluctuations decrease. The quantum effects in- 
duced on the brane spacetime by propagating them along 
the flfth coordinate are estimated in Sec. V using as well 
a semiclassical approximation to the path integral. The 
results from this calculation are then employed to analyse 
the possible solution to the above-alluded cosmological 
puzzles, and to obtain and discuss the spectra of primor- 
dial density fluctuations and CMB anisotropies. Finally, 
we summarize and conclude in Sec. VI. 



II. MISNER-BRANE COSMOLOGY 

In this section we shall first review the spacetime struc- 
ture of the Misner-brane universe such as it was intro- 
duced in Ref. [18], adding then some new material re- 
ferred to the comparation of such a spacetime with that 
of the original Randall-Sundrum models and the physi- 
cal consequences that may be drawn from it. Let us start 
with a five-dimensional spacetime with the fifth dimen- 
sion, w, compactified on S^, with —uoc < < and 
satisfying the orbifold symmetry uj ^ —lu. On the fifth 
direction there are two domain walls, with the brane at 
a; = having positive tension and that at w = Wc hav- 
ing negative tension. In order to represent the universe 
we live in, we choose neither of the two branes on lo in- 
dividually, but both of them simultaneously; that is to 
say, we shall provide the fifth coordinate with a periodic 
character, in such a way that the branes at w = and 
LU ^ ojc are identified with each other, so that if one en- 
ters the brane at w = 0, one finds oneself emerging from 
the brane at a; = iVc, without having experienced any 
tension. If we then set the brane at a; = into mo- 
tion toward the brane at w = with a given speed v, 
in units of the speed of light, our space would resemble 
five-dimensional Misner space [22], the differences being 
in the spatial topology and in the definition of time and 
the closed-up extra direction which would also contract 
at a rate v. Then, time dilation between the two branes 
would inexorably lead to the creation of a nonchronal 
region which will start forming at the future of a given 
chronology horizon [23] . 
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A. Brane spacetime with Misner symmetry 

We shall first consider the metric of the five- 
dimensional spacetime in terms of Gaussian coordinates 
centered e.g. on the brane at w = 0. If we assume the 
three spatial sections on the branes to be flat, then such 
a metric can be written in the form [24] 

4 

ds^ = c^{u!,t) {dto'^ -df) +a^{io,t)J2dx^j' (2-1) 

where if we impose the orbifold condition uj ^ —to 
[4,5,24], the scale factors c and a are given by 



fiu)giv) 



a^u,t) = [f{u)+g{v) 



(2.2) 



with u = t— and v = t+\(jj\ the retarded and advanced 
coordinates satisfying the orbifold symmetry. wIictc; we 
have absorbed some length constants into the definition 
of t and w, and the overhead dot denotes derivative with 
respect to time t. If no further symmetries arc introduced 
then f(u) and g{v) are arbitrary functions of u and v, 
respectively [24] . However, taking metric (2.1) to also 
satisfy the (Misner) symmetry [25,26] 

{t cosh(na;c) + w sinh(nWc), t sinh(na;c) + w cosh(nt<;c). 



(2.3) 



where n is any integer number, makes the functions 
f{u) and g{v) no longer arbitrary. Invariance of metric 
(2.1) imdcr symmetry (2.3) can be achieved if we choose 
for f{u) and g{v) the expressions f{u) = Zulriu + Yu, 
g{v) = Zylnv + Yy, where the Z's and F's are arbitrary 
constants. For the sake of simplicity, throughout this 
paper we shall use the simplest choice 



f{u) = Inu, g(v) = Inv. 



(2.4) 



Imposing symmetry (2.3) together with the choice for the 
scale factors given by expressions (2.4) fixes the topology 
of the five-manifold to correspond to the identification 
of the domain walls at u = and a,t w = Uc with each 
other, so that if one enters one of these branes then one 
finds oneself emerging from the other. 

The periodicity property on the extra direction can 
best be explicited by introducing the coordinate trans- 
formation 



uj = T smh{W) , t = T cosh( W") , 
with which metric (2.1) becomes 



(2.5) 



ds' = 



fil 



ln3 T2 



{T-'dW - dT^) + Ini r2 ^ dx]. 



3=2 



(2.6) 



Although now metric (2.6) and the new coordinate T = 
\/W^-uj^ (which is timelikc provided that InT > const. ± 
W) are both invariant under symmetry (2.3), the new 
extra coordinate W transforms as 



■In 



t+\uj\ 



W - 



niOc 



(2.7) 



under that symmetry. On the two identified branes mak- 
ing up the Misner-brane universe, we can describe the 
four-dimensional spacetime by a metric which can be ob- 
tained by slicing the five-dimensional spacetime given by 
metric (2.6), along surfaces of constant W, i.e. 



ds' 



T2 ln3 r2 



dT'^ + \niT^^dx], 



(2.8) 



j=2 



which will be taken throughout this paper to describe the 
spacetime of the universe we live in. On the surfaces at 
constant T = Tc, the resulting four-dimensional metric. 



ds' = - 



dW^ 



sinh^W^ln^/^TS 



+ ln2/3 T 



i=2 



keeps a Lorentzian signature even when we rotate to the 
consistent Euclidean sector W = iQ because on that sec- 
tor time t is still real (see later on). 

The energy-momentum tensor for the brane universe 
will now have the form: 

T," = '^(^-^^) diag i-p,p,p,p, 0) , n = 0, 1, 2, 3..., 



Cb 



(2.9) 



where ci, = {t,co = nLo,)- This tensor should be derived 
using the Israel's jump conditions [27] that follow from 
the Einstein equations. Using the conditions computed 
by Binetruy, Deffayet and Langlois [7] and the metric 
(2.6) we then [24] obtain for the energy density and pres- 
sure of our Misner-brane universe: 



ATW 



p = -- 



j2^) lniT2 (|T2-T2W^2|y 



2TT2 In 3 r2 



4)(|T2-T2W^2|^^^* V ^ 



d [ TW^ 



(2.10) 



(2.11) 



Thus, both the energy density p and the pressure p, de- 
fined by expressions (2.10) and (2.11), respectively, iden- 
tically vanish on the sections M^=const. Therefore, tak- 
ing the jump of the component {co,w) of the Einstein 
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equations with the orbifold symmetry [7], one gets on 
the identified branes 



at 



ttbCb 



(2.12) 



where ab = a{t,uj = nuc), with n = 0,1,2,3..., is the 
scale factor in our Misner-brane universe. 

The breakdown of arbitrariness of functions f{u) and 
g(v) imposed by symmetry (2.3) prevents the quantity 
Cb to be a constant normahzablc to unity, so the right- 
hand-side of Eq. (2.12) can be expressed in terms of 
coordinates T, W as: 



1 + 



31nT 



3T2 cosh^ WlnT 



(2.13) 



A simple dimensional analysis (performed after restor- 
ing the constants absorbed in the definitions of t and 
w in Eqs. (2.2)) on the right-hand-side of Eq. (2.13) 
indicates that if this side is taken to play the role of 
the source term of the corresponding Friedmann equa- 
tion, then it must be either quadratic in the energy 
density if we use k^^^ = -^^(^^ (with M(5) the five- 
dimensional reduced Planck mass) as the gravitational 
couphng, or linear in the energy density and pressure 



if we use k^^^ 



the usual 



AT = M^^ (with M(4) 

four-dimensional reduced Planck mass) as the gravita- 
tional coupling. Since k^^^ should be the gravitational 
coupling that enters the (Friedmann-) description of our 
observable four-dimensional universe, we must choose the 
quantity in the right-hand-side of Eq. (2.13) to represent 
the combination —K^^^{pb + 3pb)/6 which should be as- 
sociated with the geometrical left-hand-side part of Eq. 
(2.12) of the corresponding Friedmann equation, when 
the term proportional to the bulk energy-momentum ten- 
sor T^^ij is dropped by taking the bulk to be empty. We 
have then, 



Pb + 3p6 



2(1+3Et) 
k2^)T2 cosh^W^lnT" 



The four-dimensional metric (2.8) can be expressed as 
that of a homogeneous and isotropic universe with flat 
spatial geometry, ds"^ ~ —drf + a(??)b X]j=2 '^^j ' '^^ 
take for the cosmological time -q = 3a(r?)^/(4coshM^) = 
3 In^/^ TV (4 cosh W) . In this case, the scale factor 0(77)6 
corresponds to that of a radiation dominated flat uni- 
verse, with coshVF = const expressing conservation of 
rest energy, and pb = Pb/^ at sufficiently small r]. In fact, 
for small 77, it follows then from Eq. (2.14) 



when expressed in terms of the cosmological time rj only. 

At least in the noninflationary versions of the Randall- 
Sundrum models, the tensions on the two branes are as- 
sumed to be given by [4,5] Kisibic = -^4iddcn = Pa = 
—po, where po and pq are the energy density and pres- 
sure induced from the bulk on the brane at y = (w = 0). 
In the case of the Misner-brane world, pa = pa = 0, and 
hence Vvisibie = Vhiddon = 0, so when one enters one brane 
one finds oneself emerging from the other brane without 
having experienced any tension. In this case, we have 
however a nonzero "effective" tension which can be de- 
fined as V cc Pb > 0. On the other hand, Csaki ct al. 
have found [10] that any problems arising from having 
a brane with negative tension disappear in a radiation 
dominated universe, even in the Randall-Sundrum mod- 
els. 

Having shown that the Misner-brane cosmology based 
on ansatz (2.4) matches the standard cosmological evo- 
lution in the radiation dominated era, we turn now 
to investigate the nonchronal character of the space- 
times described by metric (2.6). Nonchronal regions in 
such spacetimes can most easily be uncovered if we re- 
define the coordinates entering this metric, such that 
Y = W — InT and 6 = T^. In terms of the new co- 
ordinates, the line element (2.6) reads: 



ln3 e 



(OdF^ + dYdQ) -Flni e ^ dx]. 



(2.15) 



This metric is real only for 8 > in which case Y is 
always timelike if F > 0. One will therefore [26] have 
closed timelike curves (CTC's) only in the bulk, provided 
e > 0, y > 0. There will never be CTC's in any of the 
branes, that is the observable universe. 

On the other hand, Singiflarities of metrics (2.6), (2.8) 
and (2.15) will appear at T = and T = 1. The first one 
corresponds to lo = t = 0, and the second one to 77 = 0, 
(2-14) the initial singularity &t Y = W , t'^ = 1 + ui'^, in the 
radiation dominated universe. We note that the source 
term — K(4)(/5t + 3pb)/6 given by Eq. (2.14) also diverges 
at these singularities. The geodesic incompleteness at 
T = 1 can be removed in the five-dimensional space, by 
extending metric (2.6) with coordinates defined e.g by 

X = J dW/ln^T^ - 31n3TV4, Z = fdW/ln^T^ + 
31n3 Instead of metric (2.6), we obtain then 



ds^ = -{Z-X)x 



Pb - pb{T, 77) :^ ^^2^^^^ cosh\W)a{r,)t 



or 



Pfe(77) = a{r])lT^ cosh" Wpb{T,r]) ~ 



327rGAr772 ' 



exp 



,{Z-X)-^ 



XZdXdZ + dx^j \ , (2-16) 
i=2 



where one can check that whereas the singularity at 
T = still remains, the metric is now regular at T = 1. 
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Since replacing W for Y in Eqs. (2.6) and (2.15) simulta- 
neously leads to the condition y = — i \nT + const., and 
hence, by the definition of y, y = const and W = const 
at T = 1, one can choose the singularities at T = 1 
(i.e. at the initial time at which the brane system starts 
evolving along T > 1) to nest chronology horizons in the 
five-space. So, CTC's would only appear in the bulk. 



B. Physical implications 

If one considers a quantum field propagating in our 
spacetime, then the renormalized stress-energy tensor 
{T^v)ren would diverge at the chronology horizons [28]. 
The existence of this semiclassical instability would sup- 
port a chronology protection also against the existence of 
our universe model. However chronology protection can 
be violated in situations which use an Euclidean continu- 
ation and lead to a vanishing renormalized stress-energy 
tensor everywhere, even on the chronology horizons. In 
order to convert metric (2.16) into a positive definite met- 
ric, it is covenient to use new coordinates p, q, defined 
by X = p - g, Z = p -t- g, or T2 = exp [{Aq/if/"^] , 
= Ap^q/Z. A positive definite metric is then ob- 
tained by the continuation p = which, in turn, implies 
W = i^l. Furthermore, using Eqs. (2.5) we can also 
see that this rotation converts the extra direction u) in 
pure imaginary and keeps t and T real, while making the 
first two of these three quantities periodic and leaving 
T unchanged. Two ansdtze can then be used to fix the 
value of Pq, the period of O in the Euclidean sector. On 
the one hand, from the expression cxp(VF) exp(ir2) 
we obtain Pn = 27r, a result that allows us to introduce 
a self-consistent Li-Gott vacuum [29], and hence obtain 
(7)ii/)reri — cvcrywhcrc. On the other hand, if we take 
exp(p) exp(«^), then we get Po = 27rln^^'^T^. In this 
case, for an automorphic scalar field (l){jX,a), where 7 
represents symmetry (2.3), a is the automorphic param- 
eter [30], < a < 1/2, and X = t,uj,x'^,:ir\ x^, following 
the analysis carried out in [31,32], one can derive solu- 
tions of the field equation □</> = 00 = by demanding t- 
independence for the mode-frequency. This amounts [32] 
to a quantum condition on time T which, in this case, 
reads InT^ = {n + a)'^ ^^Tq, where Tq is a small constant 
time. The use of this condition in the Hadamard func- 
tion leads to a value for (r^,y)reri which is again vanishing 
everywhere [32] . This not only solves the problem of the 
semiclassical instability, but can also regularize expres- 
sion (2.14) at T = and T = 1: 



2Tr 



Pb + 3p6 



3(n-|-c«)ainTo 

Kl^^cos-h^{W){n + af\nTo ' 



(2.17) 



which can never diverge if we choose the constant To such 
that In To ^ 0. 

In order to extract some physical consequences from 
the Misner-symmetry based brane model discussed so 



far, one would compare our five-dimensional metric (2.6) 
with the solution obtained by Randall and Sundrum [4,5] 
which reads: 

ds^ = e-'^''^y^'nf,^dx^dx" + dy^, /i, z/ = 0, 1, 2, 3, (2.18) 

where rj^v is Minkowski metric and < y < ttTc is the 
fifth coordinate. Actually, metric (2.6) can be written in 
the same form as for metric (2.18) if we re-define coordi- 
nates T and W such that 



^f2 _ T2y^2 



dT, VcV 



I 



^f2 _ ^2^-2 

In2/3r2 



dW, 



(2.19) 



where t = Jd'r]/a{r]) is the conformal time relative to 
four-space. On each brane defined at W = Wo we 
can readily integrate the first of Eqs. (2.19) to yield 
T = 3 In^/^ TV (2 cosh Wo), that is we re-obtain for the 
scale factor the consistent value a(r) = | cosh Wqt that 
describes a radiation dominated universe in terms of con- 
formal time. We also notice that on surfaces of constant 
T = Tc, the second of Eqs. (2.19) can also be integrated 
to give 



rcV = 



■In 



21nl/3y2 I y'T2 +UJ^+Tc 



which in turn implies sinhWsinh (rct/ln^/^Te) = ±1, 
and hence we have that on such constant surfaces 



\y\ 



In 



coth I — 



(2.20) 



meaning that W tends to infinity (zero) as y goes to zero 
(infinity). Actually, using the coordinate re-definitions 
(2.19), metric (2.6) can be written as 



ds' 



ln2/3 T'^r^^^dx^'dx" + r^.dy^ 



(2.21) 



where < y < tt. This shows invariance under brane 
permutation, w = <-> w = Wc, as the two branes are 
defined for the same value of T, T > 1. One can then 
introduce the gravitational action for our Misner-brane 
model to be: 



-'grav 



2M' 



d\ 



dy^f^R^'^\ 



The four-dimensional graviton zero mode follows from 
metric (2.21) by replacing the Minkowski metric rj^i, for 
a four-dimensional metric gi_iv{x). It is described [5] by 
an effective action following from taking y = Vcy and 
substitution in the action 

S'grav = 2M^rcj d^x j dyXn^'^T'^R. (2.22) 
Prom this action we can derive the Planck mass [5] 
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Mi = 2M' 



I 



2/3 , 



(2.23) 



or using exp{—2ky) = \n^^^ and replacing ttVc for y in 
the upper integration limit, 



M2 = ^(l-ln2/3r2), 



(2.24) 



which reduces to = M^/k at T = 1, the initial mo- 
ment (big bang) of the evolution of the Misncr-branc 
universe. Thus, the initial time at T = 1 corresponds 
to taking the brane at to = tOc away to infinite in the sec- 
ond Randall-Simdrum model [5]. As the Misner-brane 
universe then slowly evolves along T > 1 values, will 
decrease according to Eq. (2.24) while the distance be- 
tween the two branes along oj decreases, as dictated by 
Misner symmetry. It follows that the velocity of expan- 
sion of the observable universe must be proportional to 
the speed at which the two branes approach to one an- 
other when Misner symmetry is satisfied. 

On the other hand, as expressed as a non-relativistic 
problem, the Klein-Gordon equation for small gravitation 
fluctuations h in the Misner-brane case can be written as 
[5] 



1 



d! + V{z) 



where 



^(-) - 8(fcN + 1)2 - Y'^(")' 

with the new coordinate z defined by 

. = i(|i„-'/.r'|-i) 

h{x,z) = \n-^'^T'^h{x,y) 



(2.25) 



(2.26) 



(2.27) 



In Misner-brane cosmology the use of Eqs. (2.27) allows 
us to obtain for the wave function of the bound-state 
graviton zero mode (m = 0): 



$o(r) = ^^1^^- 



(2.28) 



We note that $o(l) = 0, $(r > 1) > and $(0) = co. 
This means that the graviton is here strongly localized at 
the farthest possible distance from the branes along the 
fifth coordinate, and that it can only physically infiuence 
the four-dimensional universe once this has started to 
evolve, but not at the moment of its creation at T = 1. 
This result might be interpreted by considering that the 
structure of spacetime at just the moment of big bang is 
not influenced by quantum gravity. 



An additional tower of continuous m 7^ KK (Kaluza- 
Klein) modes [5] also exist whose wave functions are given 
in terms of Bessel functions J and Y [33]. For the Misner- 
brane scenario these wave functions are 



*c(T) 



{I 






' rn 1 








In- 1/3 













(2.29) 



with C = J,Y. Far from the branes, as T approaches 
0, 00 and $7^0, while near the branes, as 

T approaches 1, the wave functions reach an oscillatory 
regime: 




(2.30) 



with 5 = sin if C = F and S = cos if C = J. It is 

interesting to notice that all the above wave functions 
satisfy the boundary condition 



(2.31) 



where j = 0, C. One would regard Eq. (2.31) as express- 
ing the initial condition for the gravitational quantum 
state of the Misner-brane universe, and note that it is 
equivalent to the boundary condition on the regulator 
brane at yc = ttTc when Tc ^ 00, in the second Randall- 
Sundrum model [5]. 

We note finally that if the T-quantization InT^ = 
(n -|- a) In Tq is adopted, then the argument of the Bessel 
function in wave function (2.29) becomes 



It would then follow that the graviton mass is quantized 
in units of In^'' * Tn . so that 



m 



k^{n + a)ln^/^T^ 



(2.32) 



In this case, one would replace the gravitonless singular- 
ity at the big bang for an initial quantum state describ- 
ing a graviton characterized by a minimal nonzero mass 
m2 = fc2alni/3T2. 

Before closing this section, it is convenient to make 
clear some points of the Miner-brane model where an in- 
complete interpretation could lead to misundertanding. 
Thus, at first sight, it could seem that Misner symme- 
try describes simple and familiar spacetimes. Specifically 
one would believe this by showing that Misner symmetry 
converts the five-dimensional metric (2.1) into merely a 
reparametrization of the Kasner-type solution [34]. How- 
ever, the simple transformation 

Q=l{f + g) = lnT, X = ^{g-f) = W 
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converts metric (2.1) into 

ds" = {2Q)-'/'uv i-dQ' + dX') + {2Qf/'^dxl 

which differs from a Kasner-type metric by the factor 
Ml} = 1 — jwp in the first term of the right- and-side. This 
factor cannot generally be unity in the five-dimensional 
manifold. On surfaces of constant W = Wq, according 
to Eqs. (2.5), wc have lu = tanh VFo, so uv = cosh~^ Wq 
which can only be unity for Wq = that is on the brane 
at u; = 0. However, as it was pointed out in the intro- 
ductory paragraph of this section, besides identifying the 
two branes according to Eq. (2.7), the Misncr approach 
also requires that the closed up direction uj contracts at 
a given nonzero rate duc/dr] = —vq [23]. This in turn 
means that once the branes are set in motion toward one 
another at the rate vq, symmetry (2.7) should imply that 
for constant Wq, 

dWojO) dWojTi) 

— = 0^ — nvo = 0, 

dr] dr] 

so that dWo{ri)/dr] ^ if n ^ 0. In this case, we have 
AWo(?7) = /o'^c = n Wc, and hence Woir]) = 
Wo{0) + n A,; ujc ~ n Arj loc > 0, provided that we ini- 
tially set Wq = 1^0(0) = 0. It follows that iiv can only 
be unity on the brane at a; = when n = (i.e. at 
the very moment when the brane universe was created 
and started to evolve. Wc note that if we substract the 
zero-point contribution aln^^'^Tg, the quantization of T 
discussed above amounts to the relation 77 oc and, 
therefore, initial moment at 77 = means n = 0), taking 
on smallcr-than-unity values thereafter, to finally vanish 
as 77, n ^ 00. Thus, one cannot generally consider metric 
(2.1) or metrics (2.6) and (2.8) to be reparametrizations 
of the Kasncr solution neither in five nor in four dimen- 
sions, except at the very moment when brane at w = 
starts being filled with radiation, but not later even on 
this brane. 

We note that in the case that Kasner metric would ex- 
actly describe our spacetime (as it actually happens at 
the classical time origin, T = 1, n = 0), Misner identifica- 
tion reduces to simply identifying the plane W = X = 
with W = X = nujc, that is identifying W on a. constant 
circle, which does not include CTC's. This picture dra- 
matically changes nevertheless once n and 77 become no 
longer zero, so that iiv = cosh~^ Wq < 1 and the metric 
cannot be expressed as a reparametrization of the Kasner 
metric. In that case, there would appear a past apparent 
singularity [actually, a past event (chronology) horizon] 
at T = 1 for observers at later times 77, n ^ 0, which 
is extendible to encompass nonchronal regions contain- 
ing CTC's, as showed before by using the extended met- 
ric (2.16). Indeed, the particular value of T-coordinate 
T = 1 mcasiires a qiiantum transition at which physical 
domain walls (three-branes) with energy density p(, cre- 
ated themselves, through a process which can be simply 



represented by the conversion of the inextendible phys- 
ical singularity of Kasner metric [34] at T = 1, 7i = 
into the coordinate singularity of the Misner-brane met- 
ric at T = 1, relative to observers placed at later times 
77, 71 7^ 0, which is continuablc into a nonchronal region 
on the bulk space. 

On the other hand, since the energy density p and 
pressure p on any of the two candidate branes vanish, 
one might also think that, related to the previous point, 
we are actually dealing with a world with no branes, but 
made up enterely of empty space. The conversion of the 
field-equation term (2.13) in a stress-energy tensor would 
then simply imply violation of momentum-energy conser- 
vation. However, the existence of an event (chronology) 
horizon which is classically placed at T = 1 for the five- 
dimensional spacetime amounts to a process of quantum 
thermal radiation from vacuum, similar to those hap- 
pening in black holes or de Sitter space [35,36], which 
observers at later times 77, n > on the branes would 
detect to occur at a temperature (3 cx ln~"^/^r^, when 
we choose for the period of ^ (which corresponds to 
the Euclidean continuation of the timelike coordinate W 
on hypersurfaces of constant T) Pq = 27rln^^^T^ oc a. 
Thus, for such observers, the branes would be filled 
with radiation having an energy density proportional to 
ln~^^"^ oc 7/~^ = ph and temperature oc rj^^^^, i.e. just 
what one should expect for a radiation dominated uni- 
verse and we have in fact obtained from Eq. (2.14). Ob- 
servers on the branes at times corresponding to T > 1, 
71 ^ would thus interpret all the radiating energy in 
the four- dimensional Misner-brane universe to come from 
quantum-mechanical particle creation near an event hori- 
zon at T = 1. 

Moreover, in order to keep the whole two-brane system 
tensionless relative to a hypothetical observer who is able 
to pass through it by tunneling along the fifth dimension 
(so that when the observer enters the brane at w = 
she finds herself emerging from the brane at w = Uc, 
without having experienced any tension), one must take 
the tension Vuj=a = pb > and the tension Vuj=i^^. = 
—pb, and therefore the total tension experienced by the 
hypothetical observer, V = V^=o -|- V^=a><, will vanish. 
Given the form of the energy density pb, this necessarily 
implies that current observers should live on just one of 
the branes (e.g. at uj — 0) and cannot travel through 
the fifth direction to get in the other brane (so current 
observers are subjected to chronology protection [37]), 
and that, relative to the hypothetical observer who is 
able to make that traveling, the brane which she emerges 
from (e.g. at w = Uc) must then be endowed with an 
antigravity regime with Gn < [6,10], provided she first 
entered the brane with Gat > (e.g. at w = 0). 
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III. BLACK HOLES ON THE BRANES 

The branes can be defined as the hypersurfaces at 
a;=const., with the fifth direction given as du = n^dx'^, 
where is the vector unit normal to the four-manifold B 
(the brane), with a;'* the coordinates [6]. This definition 
implies [34] 



(3.1) 



so that the five-dimensional metric (2.6) can be assumed 
to be 



(3.2) 



where q^i, = g^v — n^n,^ is the induced metric on the four- 
manifold B. With this notation the gravitational field 
equations for the identified two Misner branes can be 
written as [6]: 

^^^G^!/ = -^iqiiv + SnGNTfj,^ + i^%)'^tii' - Efj^,,, (3.3) 

in which t^i, is the energy-momentum tensor in the 
branes, and 



1 



A4 = -K, 



1 



2^5) \^^5+ gK(5)A^ 



(3.4) 



TTui/ = — 



G 



N 



487r ' 



(3.5) 



(3.6) 



with A the brane tension. 

In vacuum t^v = 0, and hence Tr^i/ = 0, so that from 
Eq. (3.3) 



^^^G^v = —KiQuv — Eij,v. 



(3.7) 



If, following Dadhich, Maartens, Papadopoulos and Zeza- 
nia [9], we choose the bulk cosmological constant such 
that it satisfies A(5) = — k^5-|A/6 (or rather for Misner- 
brane cosmology, setting A(5) = and taking into ac- 
count that the total brane tension is zero), then we have 
A(4) = 0, so that 



gravitational field in the bulk, and h^i, = q^^, + UfiUi,, 
being the chosen four-velocity field. 

Since if no further symmetry other than Z2-symmetry 
is included U and P arc generally nonzero, it was ob- 
tained in [9] that black holes in the brane at oj—Q has a 
Reissner-Nordstrom like metric, with the "tidal charge" 
arising from the gravitational effects of the fifth dimen- 
sion playing the role of an "electric charge" which does 
not exist physically. This rather nonconventional be- 
haviour of black holes may be regarded as the counterpart 
in static spherically symmetric vacuum of the nonlinear 
right-hand-side terms that appear in the field equations 
that correspond to the homogeneous and isotropic flat 
brane cosmology [7]. If we impose nevertheless Misner 
symmetry M to the induced four- metric g^,^, then we 
have 



Mq^,v = qij.u, 



(3.10) 



and in this case would no longer be arbitrary. This 
amounts to vanishing values for the quantities U and P. 
Thus, if qfii, is made to satisfy Misner symmetry, E/^i, = 
and the field equations (3.7) strictly correspond to the 



vacuum case: 



(3.11) 



If, in addition to Misner symmetry, we further impose 
spheric symmetry and staticness to the induced metric 
Qnv, we then obtain either the usual Schwarzschild solu- 
tion 



qtt 



1 _^ /2Af\ 1 



(3.12) 



in the case that we choose A(5) = 0, or the Schwarzschild- 
anti de Sitter (or -de Sitter) solution otherwise. 

In order to re-express the four-dimensional Misner- 
brane metric (2.8) Schwarzschild line element, one 
will introduce first spheric symmetry in coordinates Xj's 
(i.e. Xj — > r, (j), 6), and then the change of variables 



27ii (1 + 7h) 



(3.13) 



t = 



In 



1/3 rp2 



2 cosh Wo 



1^1/3^2 ^3^^ In^/^T^-l) 



= -E 

where in general we have for a static vacuum 



i;^^ (X U [ Ui^u^ + -hy,^ ) + P^^, 



(3.8) 



(3.9) 



with U an effective energy density on the brane which 
arises from the free gravitational field in the bulk, P/j^^, 
the effective anisotropic stress coming also from the free 



where 



1 + hn - 7fi (1 + 7fl)] 
8coshWo7fl(l + 7ii)' ' 



7fl = \/ 1 



2M 



(3.14) 



(3.15) 



with M the black hole mass. We finally note that the 
new coordinates R and t depend on T and r only. The 
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four-dimcnsional Misncr-branc metric for vanishing cos- 
mological constant in the bulk becomes 



(3.16) 



in which is the metric on the unit two-sphere. Thus, 
the past and future singularities correspond to T = 1, 
the event horizon to T = oo. and the spatial infinity 
to T = exp(l/96). In this way, we have succeeded in 
obtaining conventional black holes in the Misner-brane 
framework. One should interpret this as a proof of the 
consistency of that framework. 



IV. THE QUANTUM STATE OF THE 
MISNER-BRANE UNIVERSE 

In this section we will calculate the wave function of 
the Misner-brane universe by using the semiclassical ap- 
proach to the Euclidean path- integral formalism [38]. 
The boundary initial condition for this universe should 
be that it was not created from nothing like in the no 
boundary or tunneling conditions [39] , but created itself 
[40] as corresponds to the spacetime slicing at sections 
with W = Wo=const. of a five- dimensional manifold 
whose fifth direction is filled with CTC's. Such an initial 
condition is already incorporated in the four-dimensional 
metric given by Eq. (2.8). This can be written 



r2 cosh^ Wa In^/^ 



-hln^/^T^ds^, (4.1) 



where ds\ is the three-dimensional flat metric. 
The path integral would be given as: 



/ d^i[gab]e^x.'£>{^S[gab]} : 
Jc 



where S [gab] is the Hilbert-Einstein Lorentzian action for 
the Misner-brane universe with four-dimensional metric 
gab, a, 6 = 0, 1, 2, 3 and C is the class of four-geometries 
which are bounded by a given hypersurface on which they 
induce the set of data hij, i,j = 1,2,3, predicted by 
Misner-Iike symmetry (2.3). To obtain a manageable ex- 
pression for the wave function one should make the ro- 
tation W = ifl, keeping T real, and then introduce the 
semicalssical approximation [39,41] to yield: 

i/j ~ exp[-SE{A)] , 

with a the scale factor. The Hilbert-Einstein action con- 
taining the necessary boundary term [38] is 



+ 



SttGn 



J d''xTrK{T)^/h{T), (4.2) 



in which TrK is the trace of the second fundamental 
form, and g and h are the determinants of the four-metric 
and the induced metric on the boundary, respectively. 
From metric (4.1) we have for the scalar curvature, R, 
and the extrinsic curvature, 



R = - 



TrK 



8 cosh^ Wo 
3 In4/3r2 



coshVFo 



(4.3) 



(4.4) 



Inserting Eqs. (4.3) and (4.4) into the action (4.2) and 
integrating, we obtain 



ZTT 



(4.5) 



where Mp = (SttGn) is the four-dimensional Planck 
mass and V3 = J d^x is the three- volume. In terms of 

the cosmological time r/ = 3\n^/^T^/{4coshWo), action 
(4.5) becomes: 



siv) 



cos 



ih^/^ Wo 



1/2 



(4.6) 



The total action will be the sum of action (4.5) [or (4.6)] 
at w = and at w = Wc- In the Euclidean formalism 
where T is kept real and W — iil, if we set Wo = 
and take the Li-Gott type period Pn = 27r, and hence a 
unique f2-separation between the branes of 27r, the action 
on the two branes turns out to be 



M^V3 
27r 



because the Newton constant changes sign on the brane 
at u) = LVc [6,10] (see also Sec. II), and we have taken into 
account the Misner identification of the two branes and 
the orbifold symmetry. Hence, if we consider a Li-Gott 
type self-consistent vacuum, the total Euclidean action 
5^0*^1 = Se{T)^=o + Se{T)^=u,^ = and therefore the 
semiclassical probability for the Misner-brane universe 
will be 



P = ^ e" 



-25'° 



1. 



(4.E 



According to the discussion in Sec. II, however, in or- 
der to avoid the singular character of both the renor- 
malized strciss-energy tensor and the initial moment of 
the universe, instead of a Li-Gott type Euclidean period 
Pn = 277 [29], an Euclidean period Pn = 27rln^/^T2 = 
27r(n -|- a) \v}/^ Tg should be used. In this case, how- 
ever, there is an ambiguity in the choice of fl-separation 
between branes. Taking into account once again Misner 
and orbifold symmetries, so as the feature that cosmo- 
logical time ?7 oc (n -|- a)^ implies an upper bound y/fj for 
the possible values which the integer n may take on, in 
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this case, one should in fact place the two brancs at any 
^-separation given by Afl = 27r(n' + a) \n^^^ Tq , where 
n' = 0, 1, 2, n. Assuming a normalization of the mini- 
mum time such that Tg = e, we would have then 

Afl = 27r{n' + a) < Pn, n' = 0, 1, 2, ...,n, (4.9) 

and hence we get for the total Euclidean action 



:^total 



(n) 



(n + a) sin^(7ra) = 



n 



a{r])sm'^{TTa), (4.10) 



which is defined in terms of n through the scale factor 
a{r]), but does not depend on n', and hence on brane 
separation. Thus, the ambiguity in the choice of brane 
separation does not manifest in the final expression for 
the wave function representing the quantum state of the 
Misner-brane universe, a fact that physically suffice to 
ensure the necessary invariancc of the quantum state. 

The above normalization of the minimum time Tq is 
rather conventional. It has been introduced merely for 
the sake of simplicity in the equations and will be kept in 
what follows unless otherwise stated. We note that this 
normahzation implies that if we assume any particular 
value or constraint on the parameter a, we are actually 
assuming that particular value or constraint on the quan- 
tity a In^/^ Tq . On the other hand, the total action would 
only become zero whenever the automorphic parameter 
a [30] is zero. However, a is defined so that it can only 
take on nonzero values which arc smaller than 1/2. More- 
over, if this parameter vanished, then the stress-energy 
tensor would diverge on the ry-time ground state n = 
(see Sec. II). Moreover, if as required by Misncr symme- 
try we set the branes into a mutually approaching mo- 
tion at a Lorentzian speed P [23] whose absolute value 
is directly related to the velocity with which galaxies are 
receding from one another (see Sec. II), then there must 
exist a linear relation between the three-volume V3 and 
the Lorentzian volume on the extra dimension Vi = Trie- 
Taking this relation to be ViM~^ = ttVs, from the known 
expression = M^^^Vi [4,5] we finally achieve the con- 
dition 



(5) 



1. 



(4.11) 



Inserting condition (4.11) into the Euclidean action 
(4.10) we obtain 



^total 



E — 



MpVi 



the Hubble law as follows. Since action (4.12) docs not 
depend on spacelike directions, the continuity equation 
for the Misner-brane universe should read for a << 1 



— - 
dr] ' 



P = exp {-2MpVia{T])a^ 



(4.13) 



in which a{rj) is the scale factor. Prom expressions (4.13) 
it inmediately follows 



l3 = vo 



ar] 



(4.14) 



(n -|- a) sin^(7rQ;) 



(4.12) 



where ?;o is the speed at which the Misner-like circumfer- 
ence 27rrc (with being the radion [42]) is contracting 
(see Sec. II), and H = d/a is the Hubble constant. Eq. 
(4.14) is in fact the Hubble law for the extra direction. 



V. THE COSMOLOGICAL QUANTUM METRIC 

Wc turn now to study the possible effects that the 
extra dimension may cause on the metric of the four- 
dimensional Misner-brane universe. In principle, these 
effects can be of two different types. On the one hand, 
propagation along the fifth direction will causally mod- 
ify the spacetime on the branes and, on the other hand, 
communication between the two branes or diff'erent re- 
gions on each of these branes can be carried out through 
processes involving CTC's that shortcut spacetime along 
the fifth direction. All of these effects can be quantum- 
mechanically described by using the Euclidean path- 
integral formalism [38]. Actually, it would be natural 
to calculate the quantum-meclianically disturbed four- 
dimensional metric as that effective metric which re- 
sults from including all the above-mentioned effects from 
the fifth dimension in the four-dimensional Misner-brane 
metric (2.8) by propagating the quantum state of the 
undisturbed metric through the fifth direction from the 
position of one brane to the position of the other. This 
propagator can typically be given as a path integral of 
the form: 

{gab, ^ = 0\gab, U! = c0c) = j diJ.[g^^] cxp {iS[g^^]} , 

(5.1) 

where a,6=0,l,...,3, /i, i^=0,l,...,4, d/i is the integration 
measure, and S[g^,y] is the five-dimensional Lorentzian 
Hilbert-Einstein action which is given by 



Thus, for a « 1, we can approximate S'^*'^' ~ MpVia^ 
on the ground state n = 0. In this case, the probabil- 
ity for the universe would be very large not just in the 
ground state, but also on the low-lying excited states. 
The ansatz ViM~^ = ttVs can in fact be related with 



-I- 



SttG 



(5) 



d^x 



Wc 



dWTrKf. 



(5.2) 



with Wc = sinh ^{lOc/T) the value of the extra W- 
coordinate at uic, G{5) the five-dimensional gravitational 
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constant, g'^^^ and h'^^^ the determinants of the five- 
dimensional metric and the spaceUke metric induced on 
the boundary whose second fundamental form is ^(4), 
respectively, and ii^^^ the five-dimensional scalar curva- 
ture. 

Such as it is expressed by Eqs. (5.1) and (5.2) this path 

integral does not have any clear physical significance be- 
cause the values w = and u = Uc { and hence W = 
and W = Wc) merely express coordinate labels. This 
should be related to the well-known fact that classical 
general relativity does not allow the existence of well- 
defined degrees of freedom [34]. However, the kind of 
" quantization" of the fifth dimension [induced by Misner 
identification of branes at these values of ui together with 
its " quasiharmonic" discretization (see Sec. II)] which 
comes in addition to the quantization implied by the 
usual notion of path integral, allows us to take such u) 
values as the true physical quantities that determine the 
dynamics and actually the very existence of the universe 
itself. Taking into account this additional quantization, 
so as Misner identification of the two branes and orbifold 
symmetry, the physically meaningless path integral (5.1) 
can be in fact converted into the physical quantity: 



{gab,W = 0\gab,AW) = 



I 



exp 



W=Wo 



{^S[gt,^]\y^^y^^Y (5.3) 



with AW = i AO the brane separation in the Lorentzian 
sector, and 



H'^l\W=Wo 



AW 



WttG 



+ 



(5) 



AW 



7(5)1 



\W=Wa 



W=Wo 



8nG, 



(5) 



d-^x TrK. 



(4) I W=Wo 



(5-4) 



where the quantities ^Ivi^^t^jj are the same as X but 
evaluated at W = Wq =const. once they have been 
computed using as a variable. 

To obtain a manageable, physical expression of this 
propagator we now make [38] an Euclidean rotation with 
W = ifl and the physically most interesting brane sepa- 
ration AW = i A U = 27ri(n' -I- a), so that the integral 

(5.3) becomes an integral over exp |— ^^[(/jujy] j^^j^^ |, 

with Clo =const. In the semiclassical approximation 
where 



(5.5) 



9ab = 9ab\n=no ^ ^ bP fi)]} , (5.6) 



with ijj (gab, 0) a quasiclassical wave function and tt"** = 
In"**^"^ the momentum conjugate to gab, we obtain for 
the wave function 

V' [9ab, 27r(n' a)] ~ ^ [gab, 0] exp |- Se [gixi,] Iq^Oo } ' 

(5.7) 

from which one can obtain an approximate expression 
for the four-dimensional effective metric in terms of the 
cosmological time containing the effects from the fifth di- 
mension by using the operation (5.6). It is worth notic- 
ing that the metric eigenstate (5.7) does depend on brane 
separation, a fact which one should expect as it expresses 
the already mentioned relation between universal expan- 
sion and variation of brane separation. 

The Euclidean action can now be evaluated from the 
five-dimensional metric components. These first produce 



_ 8 cosh^ Wq 
w=Wo 3 IqI 7^2 



_ 4 cosh^ Wo 
w=Wo 3 ini 7^2 



(5.8) 



(5.9) 



and then inserting expressions (5.8) and (5.9) into the 

action (5.4), performing the integration over T, rotating 
W = ifl, and finally setting Wq = i^o = (without loss 
of generahty) and Ail = 27r(n' -|- a) as in Sec. IV, it is 
obtained for the Euclidean action: 



Se — — 



ln(lnT2), n' = 0,1,2,. ..,n. (5.10) 



The disturbed quasiclassical wave function becomes then 

V [gab, 27r(n' + a)] ~ V [9ab, 0] exp | ^^^^^ In (in T^) | , 

(5.11) 

which depends on both n' and n, the latter depen- 
dence taking place through InT. Using the definition 
8770(5) = Af(5) and the condition (4.10), we can obtain 
the eigenvalues of the disturbed effective metric gab by 
applying operation (5.6) to the wave function (5.11). We 
get 



gab = 9ab + {n' + a)\n'^T^, 



(5.12) 



where gab is the classical metric. Taking into 

account that ^yrj = (n + a), one can finally express Eq. 
(5.12) in terms of the cosmological time rj as: 

gab = gab + {n' + a)if = gab + in' + a){n + a)^, (5.13) 

with the integer number n' = 0, 1, 2, .., n the same as that 
was introduced in Eq. (4.9), and we have disregarded 
here and hereafter dimensionless factors of order unity in 
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the expressions for a, gab and hab- Thus, depending on 
the values of a and n', two regimes can be distin- 

guished for expression (5.13): (i) r] » 1, n' > where 
Hab — ("' + a)?]^ which reaches a maximiim value 77^/^ at 
n' — n, and (ii) 77 << 1 (i.e. n—Q) where the second term 
in the right-hand-side of Eq. ((5.13) can be regarded as a 
perturbation, hab, to metric gab] in the extreme case that 
n' = n = 0, we get a minimum value for this perturbation 
hab = ??^^^. In the following subsections we shall discuss 
some cosmological consequences from the Misner-brane 
model in these two extreme cases. 



A. Solution to the horizon and flatness puzzles 

Misner-brane cosmology cannot accommodate any re- 
alistic model of inflation and therefore contends with it 
as an explanation for the physics in the early universe. 
You can readily convince yourself of this incompatibil- 
ity if you consider that for inflation to take place in a 
brane world it is necessary that the absolute value of the 
tension on the two involved branes be difi^erent [15], a re- 
quirement which is both conceptually and operationally 
incompatible with Misner symmetry, as is the necessity 
for brane inflationary models [15] that functions f{u) and 
g{v) be both exponential. 

Nevertheless, the existence of one extra direction 
makes inflation unnecessary to solve the horizon and flat- 
ness piizzlcs. Even for a fully causal behaviour along the 
extra dimension, Chung and Frees have shown [17] that 
signals traveling along null geodesies on extra space may 
connect distant points which otherwise arc outside the 
four-dimensional horizon. If spacetime tunneling is more- 
over allowed to occur, then additional two-way transmis- 
sions of signals between spacelike separated regions would 
occur that permitted such regions to come into thermal 
contact [43] . Misner-brane cosmology combines these two 
mechanisms and, therefore, by itself provides a solution 
to the standard cosmological puzzles. 

A more technical argument comes from the form of 
metric (5.13) in the extreme case of regime (i) where 
n' = n » 1, i.e. 77 >> 1. Here, the scale factor for the 
radiation-dominated universe is given by 0(77) = 77^/^. 
Thus, after the Planck era, we have 0,(77) = da{rf)/dri = 
?7^/^, and hence 

a(??exit) > 0(771), T^cxit > 771, (5.14) 

where T/exit is the time at the radiation-matter transition, 
and 771 is an early time which still occurs much later 
than Planck era. The inequality (5.14) clearly solves the 
cosmological horizon puzzle [44]. Since one can always 
write this inequality as the equality 

a(?7exit) = /3a(m), /3 > 1, 

the ratios of the energy density to the critical densities 
fiexit and fii can be related by 



/32|f2,,it-l| = |f^i-l|, (5.15) 

so implying that |f2 — 1| need not be initially set to a 
very small value in order to insure small later values. 
This also provides with a solution to the flatness puzzle 
[44] because (3 can take on very large values even dur- 
ing the radiation-dominated era, so that [fiexit ~ Ij) and 
hence the current value [^0 — 1|) get on very small values 
without resorting to any fine tuning. 

B. Origin of density perturbations 

Perhaps the greatest success achieved by inflationary 
models so far be their prediction of a scale- invariant spec- 
trum for density perturbations [45]. Such a success can- 
not however hide the rather dramatic feature that all re- 
alistic models of inflation considered so far fail to predict 
a reasonably small amplitude for the perturbation spec- 
trum [46] . In the absence of any inflationary mechanism, 
Misner-brane cosmology should by itself produce primor- 
dial density perturbations which, in this case, must be 
generated by quantum fluctuations of the spacetime met- 
ric itself, rather than any matter field. This inmediately 
connects with the extreme regime (ii) with 77 << 1, 
77' = 77 = for the disturbed metric (5.13). In this 
regime, gab = Tj and hab = 77^/^. The fiuctuation spec- 
trum will be given as a Fourier transform of hab given 
by 

hk = 3a/ - / /i"'' exp (z^afeA;"'') dgab, (5.16) 

where the momenta fej'' and k""^ are mutually related by 
k°-^ = a{r])k2^ for fc-modes that enter the Hubble radius, 
i.e. k"^ = 2TTHa{T]) at ij = r/cxit [46]. Inserting h"-^ = 0? 
and gab = f] in Eq. (5.16) and performing the integral af- 
ter noticing that the horizon size is = 2ri, we obtain 
for 7i' = n = and a « 1 

kV^hk ^ 3^/^. (5.17) 

V TT 

For this spectrum, the contribution of each interval from 
fc to 7A; (7 > 1) to the total dispersion, 

D = 4Tr dkk^\hl\ :^72a\nj, (5.18) 

J k 

is scale-independent, as required by the Zeldovich- 
Harrison theory [47] and is also predicted by realistic 
inflationary models [45] . 

We turn now to consider density perturbations and 
their spectrum. For metric perturbations of the type 
given by Eq. (5.13), the density contrast of the pertur- 
bations of matter density (or temperature) is given by 
[48] 
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SpY'' aah"'' - h'''' 1 



3(l + d2) 3 



(5.19) 



where a = y^. The ampHtude of the spectrum of density 
fluctuations will be then 



ab 



= r"'' {-] exp {igabk"'') dgab. (5.20) 



Inserting expression (5.19) in Eq. (5.20) and performing 
the integral transform we finally obtain for n' = n = 



(5.21) 



where we have restored, for the moment, a generic value 
for Tq. This is one of the main results of this work. 
It states that in Misner-brane cosmology the density 
of perturbations has the scale-invariant spectrum with 
enough a small amplitude. From the bounds on the 
anisotropy of CMB we know [49] that y/aln^^^ should 
then be smaller than 10^^, with possibly a value be- 
tween 10^^ and 10^®. This is quite a reasonable bound 
on aln^/^To that, in the present model, is also com- 
patible with the perturbative character of hat (needing 
In^^^ Tga^ « gab « 1 for n' = n = 0), and corre- 
sponds to a high probability for the universe (see Sec. 
IV). On the other hand, it was seen in previous sections 
that the lowest possible bound for both a and InTg can 
never be zero. We note furthermore that perhaps the 
presence of baryons in the perturbations would place the 
minimum size in such a way that the minimum and there- 
fore most probable value of the quantity a^/^ln^^^Tg 
be close to the required value between 10"''' and 10~^. 
It is in this sense that the results obtained so far for 
Misner-brane cosmology conform better to experiment 
than those obtained from realistic models of inflation 
which all imply too large an amplitude for density fluc- 
tuations [45,46]. In the next subsection, it will be seen 
that the higher-dimensional cosmological approach con- 
sidered in this paper seems to produce better predictions 
than inflation also for the spectrum of CMB anisotropies. 



C. CMB anisotropies 

The fluid- dynamical theory underlying primordial fluc- 
tuations of background temperature [50] predicts the ex- 
istence of small-angle CMB anisotropies coming from the 
primeval ripples, flrst observed by COBE [19], at the 
recombination time. These anisotropies correspond to 
sound waves and show a power spectrum that carries 
precise fundamental information about the origin of fluc- 
tuations and the fate of the universe. There are two 
current paradigms able to predict the power spectrum of 
CMB anisotropies, inflation [51] and topological defects, 
particularly cosmic strings and textures [52] . Whereas re- 
alistic models of inflationary cosmology predict a power 



spectrum which is " super luminarly" generated by per- 
turbations that exceeded the horizon size after crossing 
it at a common time, and contains a fundamental mode 
at sky angle 61 ~ 1° followed by a succession of more or 
less harmonic secondary coherent peaks at lower angles 
(which imply a nearly topologically flat universe and a 
time-coherent creation of the sound waves), the so-called 
causally generated oscillations, e.g. by cosmic string net- 
work, were the result of fluctuations with sizes well inside 
the horizon which never crossed it, and lead to a power 
spectrum whose fundamental mode is shifted to angles 
smaller than ~ 1° and whose secondary peak structure 
is destroyed by temporal incoherence induced by causal 
random forcing of the oscillators and ausence of common 
horizon crossing. 

Reliable observations of the power spectrum of 
CMB anisotropies have only been made quite recently. 
Boomerang [20] and Maxima [21] results seem now able 
to allow some discrimination between the above contend- 
ing models. Thus, the coincidence of a first peak at 
9 c:^ 1° in both experiments point clearly in favour of 
inflation (see however Refs. [53,54]). However, although 
the results seem clearly in favour of whichever models 
where the perturbations crossed the horizon to exceed it 
thereafter until last scattering, it is by no means so clear 
that they may declare inflation as the only particular 
mechanism which is responsible for the observed power 
spectrum. In fact, the two experiments also agree in that 
the amplitude of at least the second peak at 6* ~ 0.35° is 
dramatically smaller than that is predicted by inflation 
[55]. 

Inflation appears then to be in trouble when trying to 
explain not only the amplitude of density fluctuations es- 
timated by COBE [19], as pointed out in Subsec. V.B, 
but also the spectrum of CMB anisotropies measured by 
Boomerang [20] and Maxima [21]. Thus, the time could 
be up for the emergence of new alternatives where per- 
turbations were also forced to cross the horizon. In what 
follows we show that Misner-brane cosmology might be 
one of such alternatives. While the perturbations in our 
approach keep the "good" property of horizon crossing, 
they possess two novel properties which are worth re- 
marking and might be of much interest to justify exper- 
iment. 

Firstly, since metric perturbations in this case can gen- 
erally be written as 



hab = {n' + a)ri^ = {n' + a){n-\- 



(5.22) 



with n' < n, fluctuations will cross the horizon not just 
at a common time 77c — 1, for n' = n = 1, but also dur- 
ing a following time interval Arj which is characterized 
by integral numbers such that n' < n. On the brane at 
w = 0, which has positive Newton constant Gat > 0, the 
perturbations smaller than the horizon size will then be 
causally washed out eventually, so that one should ex- 
pect the interval for the time-incoherent horizon crossing 
At] to be small, though nonzero. The resulting situation 
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would match what is predicted by inflation, except for the 
involved time-incohence induced by a nonzero horizon- 
crossing time interval which would partially destroy the 
coherent structure of the secondary peaks. Secondly, on 
the brane with Gat < at cij = Wc, only those fluctua- 
tions which are inside the horizon (n' < n) are able to 
keep the oscillations stable. This is caused by inversion 
of the gravitational forces and hence radiation pressure 
in the wells [56] . Fluctuations exceeding the horizon size 
will then be inexorably washed out. However, even sub- 
horizon fluctuations on the brane a.t ui = Uc will eventu- 
ally cross the horizon and then inexorably dissipate out, 
except possibly for the residual fraction with the small- 
est values of n', whenever the automorphic parameter 
a and the minimum time To take on values that sat- 
isfy aln^^'^Tg < ri~^, with 77* being the recombination 
time. This constraint on a In^^^ Tq is compatible with 
the amplitude of the density contrast considered in Sub- 
sec V.B. Fluctuations surviving inside the horizon at re- 
combination on the brane with negative Gn for small n' 
will also produce oscillations with fundamental mode at 
^? ~ 1°, and secondary peaks whose structure is destroyed 
by temporal incoherence induced by causal random forc- 
ing of the oscillators. 

In summary, Misner-brane cosmology predicts quan- 
tum fluctuations satisfying evolution equations in the 
radiation-dominated regime of the form [50,57]: 

[6 + = [e + *](0) cos(fcs) (5.23) 

= V3[e + *](0) sin(fcs), (5.24) 

where = 6T/T, is the Newtonian potential, = 
Jq' dr}/a{r}) is the conformal time at last scattering, and 

s = Jp* Csdt is the sound horizon at last scattering, with 

Cs the sound speed and O = T^'/2, with the choice of 
sign depending on whether perturbations on the brane at 
a; = (upper sign) or on the brane at a; = Wc (lower sign) 
are considered. Since Misner symmetry identifies the two 
branes, relative to an hypothetical observer who is able 
to travel through the fifth direction, the perturbations on 
both branes should simultaneously contribute the power 
spectrum for CMB anisotropics [50,57]. Thus, relative to 
that observer and w = 0, this spectrum becomes: 

Q - ^ £ / [(e„ + *„) j,(fcd) + v^j,{kd)f , 

(5.25) 

in which the j^a are spherical Bessel fimctions of the first 
kind [33], and d = to — t^, with to the current conformal 
time. 

For current observers who only are able to observe 
what is happening on just the brane at w = 0, the power 
spectrum will reduce to 



Ce^^ J y fc^ [(ea,=o + ■^^=o)3e{kd) + v^o^=o3'i{kd)f . 

(5.26) 

Obviously, the spectrum given by Eq. (5.26) produces 
the same fundamental ~ 180/^ ~ 200) and over- 
tone (£ ^ 500, etc) acoustic modes as in the spectrum 
predicted by simplest inflationary models [], but with 
the rather remarkable difference of having quite smaller 
heights for the secondary peaks. Although this predic- 
tion seems to be quite compatible with Boomerang and 
Maxima results, it appears that any conclusion will only 
be attainable from the future results provided by MAP 
[58] and Planck surveyor [59] at lower angles. 

VI. CONCLUSIONS 

Within the spirit of the Randall-Sundrum approach, 
we have considered a flve-dimensional apacetime whose 
metric satisfies Misner symmetry, discussing the cos- 
mological and gravitational implications arising from 
the resulting brane-world model. After reviewing the 
Misner-brane universe and analysing some of its phys- 
ical characteristics, a Misner-brane black hole scenario 
has been constructed in which the conventional metric 
of a Schwarschild or anti-de Sitter black hole is obtained 
when neutral matter in the branes is allowed to collapse 
without rotating. By using then a semiclassical approxi- 
mation to the Euclidean path-integral approach, we have 
calculated the quantum state of the Misner-brane uni- 
verse and the quantum effects induced on its metric by 
brane propagation along the extra coordinate. It has 
been seen that Misner symmetry requires that the ab- 
solute value of the tension in the two branes be always 
the same, and hence it follows that our brane scenario is 
fully incompatible with the existence of any inflationary 
period in the radiation dominated era. However, since 
communications between distant regions which are out- 
side the horizon can still be done both causally and by 
means of CTC's through the flfth dimension, the horizon 
and flatness problems can be solved in our model. 

Perhaps the most remarkable results in this paper be 
the predictions of a scale-independent spectrum of den- 
sity fluctuations whose amplitude can, contrary to infla- 
tion, be easily accommodated to the existing observa- 
tional bounds. Density fluctuations come here about as 
a result from the existence of metric perturbations on 
the branes induced by the above-alluded brane propa- 
gation along the extra direction, at the earliest cosmo- 
logical times. At later times, these perturbations grow 
beyond the horizon during a nonzero time interval on 
the two branes and give rise therefore to a power spec- 
trum of CMB anisotropics whose acoustic peaks are at 
exactly the same small sky angles as in the spectrum cor- 
responding to the simplest inflationary models, but with 
secondary peaks whose intensity is expected to be greatly 
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diminished with respect to the inflation-generated spec- 
trum. This prediction seems to conform to recent mea- 
surements by Boomerang and Maxima better than those 
from inflationary models do. 
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